We investigate how a magnetic field can affect the thermodynamics of a neutron system at finite density and temperature. Our main motivation is to deepen the understanding of the physics of a class of neutron stars known as magnetars, which exhibit extremely strong magnetic fields. Taking into account two facts: the existence of a pressure anisotropy in the presence of a magnetic field and that the quantum field theory contribution to the pressure is non-negligible, we show that the magnetic field softens the neutron system's equation of state; that the maximum value that the inner magnetic field of a star can reach while being in agreement with the hydrodynamic equilibrium between the gravitational and matter pressures is two orders smaller than the previous value of 10 18 G obtained through the scalar virial theorem; that the system's magnetic susceptibility increases with the temperature for T µ and that the specific heat CV does not significantly change with the magnetic field in the range of temperatures characteristic of proto neutron stars (10 11 − 10 12 K).
I. INTRODUCTION
It is a well known fact that the global properties of neutron stars (NS) mostly depend on the equation of state (EOS) of its inner matter at densities above the saturation density ρ s = 2.8 × 10 14 g.cm 3 (which corresponds to a nucleon density of n s ∼ 0.16 fm −3 ). Close to those densities, nuclear star matter has a very small proton fraction, resulting in almost pure neutron matter (see [1] - [2] for review). The expected density in the cores of massive neutron stars could be as large as ∼ (5−10)ρ s . In those highly dense cores, the neutron-rich matter can give rise to more exotic degrees of freedom, like hyperons [3] , and perhaps even to a quark matter phase transition (see [4] for review), hence forming a so called hybrid star. Moreover, since cold strange quark matter could be absolutely stable [5] , a phase transition may occur that would favor the creation of a quark-matter phase, thus giving rise to a strange star.
Despite an extended observational and theoretical effort carried out in recent years to determine the EOS of nuclear-star matter there still remains many questions to be answered. The physics of matter at densities beyond ρ s is a big challenge to theorists, with observations of NS being crucial for determining a correct dense-matter model. In this regard, recent very precise mass measurements of two compact objects, PSR J1614-2230 and PSR J0348+0432 with M = 1.97 ± 0.04M [6] and M = 2.01 ± 0.04M [7] , respectively, where M is the solar mass, have provided some constraints on the interior composition of NS. These high mass values imply that the EOS of the corresponding stellar medium should be rather stiff at high densities. On the other hand, the recent detection of gravitational waves produced by the binary NS merger event GW170817 [8] , will be crucial for shedding new light on the internal structure of NS. Even more, binary neutron star mergers could be a common source, with an expected detection rate of ∼ 40 yr −1 , as predicted by population-synthesis models [9] . This opens the possibility for new advances in the determination of the compact-star EOS for the near future. Now, we should underline that NS, apart from being the most compact observed objects in the universe, also exhibit the strongest magnetic fields known in nature. Some radio pulsars are endowed with surface magnetic fields of order 10 13 − 10 14 G [10] . From spectroscopic and spin-down studies of soft-gamma ray repeaters (SGRs) and anomalous x-ray pulsars (AXPs), it has been inferred that surface magnetic fields of order 10 14 −10 15 G occur in some special compact objects called magnetars [11] . Moreover, the inner core magnetic fields of magnetars can be even larger as it follows from the magnetic field flux conservation in stellar mediums with very large electric conductivities. The inner fields have been estimated to range from 10 18 G for nuclear matter stars [12] to 10 20 G for quark matter stars [13] . The fact that strong magnetic fields populate the vast majority of astrophysical compact objects and that they have significant consequences for several star properties has motivated a lot of work focused on the study of the EOS of magnetized neutron stars, without considering [13] - [16] , or considering [17] - [20] the magnetic-field interaction with the particle anomalous-magneticmoment.
An important characteristic of the stellar medium EOS in a uniform magnetic field is that they become anisotropic, with different pressures in directions along and transverse to the field respectively [13, 14] . In Ref. [13] , the transverse and longitudinal pressures were found performing a quantum-statistical average of the energy-momentum tensor in a path-integral approach. The obtained results coincide with those obtained years ago by using the many-particle density matrix in [14] .
In calculating the EOS in a magnetic field, the contribution of charged particles will be affected by the Landau quantization of their transverse momenta and by the interaction between the magnetic field with the particles' anomalous magnetic moments (B-AMM); while for neutral composite particles, such as neutrons, only the second contribution is present. The effect of the B-AMM interaction in the EOS of charged particles, was recently proved in Ref. [20] to be insignificantly small both in the strong-field and the weak-field approximations. For neutrons, however, it was found in Ref. [15] that for critical fields of order ∼ 10 18 G the magnetic field can make a substantial contribution to the system EOS.
In this paper, we want to revise this result taking into account the effect of the anisotropy in the EOS of the magnetized system, as well as the effect of the quantum field theory (QFT) contribution, that as we will show is Section 2A, plays an important role for this effective model. We will show that while the transverse pressure increases with the magnetic field, the parallel pressure falls down, reaching zero value at a magnetic field strength, which is smaller than the one needed to produce a significant effect under the isotropic neutron system EOS assumption. This result indicates that for the magnetic-field range where the system pressure has a positive magnetic pressure the effect of the B-AMM interaction has a negligibly small effect, similar to the case of charged particles studied in [20] .
Motivated by the fact that the longitudinal pressure vanishes at sufficiently high magnetic fields, we make an alternative investigation to determine the maximum value of the inner magnetic field that a neutron star formed by neutrons can stand under the hydrodynamic equilibrium condition between the matter pressure and the star gravitational pressure and taking into account the matter pressure anisotropy in the presence of a magnetic field. The value of the maximum inner magnetic field obtained by this method is two orders smaller than the 10 18 G value obtained by considering the equipartition of the gravitational and magnetic energies in the framework of the scalar virial theorem [12] .
Finally, we investigate the thermal behavior of the magnetized neutron system. We find a peculiar temperature dependence of the system magnetic susceptibility: it increases with the temperature in the range of temperatures of interest for proto-neutron stars. This unusual behavior coincides with the one recently found by lattice QCD calculations for the deconfined quark-gluon plasma in a magnetic field [21] . We also find that the specific-heat in the temperature range of interest for proto-neutron stars does not have a significant magnetic-field dependence.
The paper is organized as follows. In Section 2, we introduce the effective model of a neutron in the presence of a magnetic field and calculate the different components of the corresponding thermodynamic potential in the one-loop approximation. In Section 3, we investigate the effect of the magnetic field on the system's EOS, while discussing the important roles that the quantum field theory contribution and the anisotropy of the pressures can play in this effective model. In Section 4, we investigate the temperature and density dependence of the system's magnetic susceptibility, as well as how the magnetic field can affect it. In Section 5, the dependence of the system's specific heat on temperature and magnetic field is studied. Section 6 is devoted to estimating the maximum value the inner magnetic field can reach in a NS while being in agreement with the hydrodynamical equilibrium between the matter and gravitational pressures in a Newtonian framework. Finally, in Section 7, we summarize the main results of this investigation.
II. NEUTRON MANY-PARTICLE SYSTEM IN A MAGNETIC FIELD
If the inner density of compact stars is not sufficiently high to produce the deconfinement of quarks, the nuclear star matter beyond the crust will be formed mainly by neutrons. With this context in mind, we wish to investigate the effects of a magnetic field on a neutron system. We consider an effective theory in which the neutrons, although electrically neutral, interact with a magnetic field via their anomalous magnetic moment (AMM). The magnetic field is taken to be uniform in theẑ direction. The effective Lagrangian density is then given by
with k N representing the neutron's anomalous magnetic moment given by
, where µ N = |e| /2πM P is the nuclear magneton, M P is the proton mass and g N = −3.82 is the Landé g-factor for the neutron, whose negative sign indicates that the neutron's magnetic moment is similar to that of a negatively charged particle although the neutron is a composite neutral particle [19] . In (1) , M N = 939.56 MeV is the neutron mass,
and F µν is the electromagnetic field strength tensor corresponding to the applied uniform and constant magnetic field.
The parameter k N , which is playing the role of the coupling constant for the B-AMM interaction, has dimensions of inverse energy (k N ∼ 1/E). Thus, the dimensionless parameter, k N E, is small at low energies and large at high energies. This means that the corresponding theory is nonrenormalizable and we have to consider it as an effective theory that is reliable only up to a certain energy scale that is defined by the leading parameter in the system under consideration. In the case of a neutron star it is natural to consider the baryonic chemical potential as the physical scale.
The dispersion relation in momentum space corresponding to (1) is given by
where we took the external magnetic field in the z direction given as B = F 21 . From the solution of the dispersion relation (2) we obtain the energy spectrum
Here η = ± denotes particle/antiparticle modes and σ = ± denotes spin up/down modes. As expected, the B-AMM interaction breaks the spin degeneracy that exists at zero magnetic field.
To study the many-particle theory, we calculate the grand-canonical thermodynamic potential in the one-loop approximation
where β = 1/T denotes the inverse of the absolute temperature, and the baryonic chemical potential µ appears as a shift to the Euclidean four-momentum (p 0 = ip 4 , with
After taking the determinant in (4), the thermodynamic potential can be given in terms of the energy spectrum (3) as
Performing the sum in Matsubara frequencies we obtain
where Ω 0 is a constant added to make the vacuum pressure equal to zero when all the physical parameters, µ, T , etc., are zero; Ω QF T is the quantum field theory contribution (the one that does not depend on the chemical potential and temperature) given by
and Ω S is the statistical contribution depending on the system temperature and chemical potential
From here, we will proceed by analyzing the different contributions separately.
A. QFT contribution
Starting with the QFT term (7), we can write it by switching to cylindrical coordinates (
The integral diverges, but as we discussed earlier, the theory under consideration is an effective theory that is only valid up to certain energy scale. Thus, we introduce the energy cutoff Λ, such that
As we indicated above, this energy scale should be presumably fixed in a neutron star by the baryonic chemical potential (i.e. Λ ∼ µ).
On this region we have
Where
The introduced notation (B → −B) stands for the same contribution with the change in the magnetic field sign. The existence of the two terms with different magnetic field signs is associated to the spin-up and spin-down contributions in the magnetic-moment/magnetic-field interaction. Taylor expanding in
Λ , we find
From this result, we have that the first three terms in the rhs of (15) diverge for Λ → ∞. Moreover, in the starting Lagrangian there are no appropriate bare terms to absorb them through a suitable renormalization procedure, as should be expected for this nonrenormalizible theory. This is corroborating that our model for neutrons in a magnetic field is an effective model that is only valid at energies below Λ ∼ µ.
From (15), we see that the first term in its rhs does not depend on the physical parameters, but only on the cutoff Λ. Thus, to guarantee that the vacuum pressure vanishes appropriately we need to take into account in (6) ,
On the other hand, the term (k (15) makes a large field contribution to the thermodynamic potential for Λ ∼ µ and it should be considered on equal footing with the manyparticle contribution when calculating the field dependent EOS. We will see as follows that the QFT contribution will have a significant impact on the system EOS, something that has been ignored in previous works.
B. Many-particle contribution
Since the baryonic chemical potential µ is expected to be the leading parameter in the stellar medium, we expect Ω S to have a substantial contribution on the system EOS. Moreover, we take into account that due to the cooling effect produced by neutrino emission during the protoneutron star epoch, T µ for a relatively old neutron star. Hence, we concentrate now our calculation on the T = 0 case. Then, letting Ω µ = lim β→∞ Ω S , we have from (8) that
which after integration gives
From ( 18) we see that in order for the potential to remain real the arguments of the radical terms must be non negative, which implies
The chemical potential must therefore always be greater than or equal to the given combination of the neutron mass and k N B terms. Furthermore, for a given value of the chemical potential the magnitude of the magnetic field is bounded by
Hence, for values of µ near 2.25 GeV the upper bound of the magnetic field strength is approximately B max (µ = 2.25 GeV) ≈ 5.0 × 10 19 G.
III. EQUATION OF STATE OF A MANY-PARTICLE NEUTRON SYSTEM IN A MAGNETIC FIELD
The EOS of many-particle systems in the presence of a magnetic field has been previously studied by several authors [15] , [17] - [20] . Since neutrons in a magnetic field do not suffer the softening in the pressure caused by Landau quantization it has been found that the magnetic field, through its interaction with the neutron magnetic moment, stiffens the system EOS [15] . In this section we will show that due to the pressure anisotropy produced by the magnetic field [13] - [14] , the situation is more subtle in the sense that at the magnetic-field strength needed to produce a significant stiffening of the EOS the longitudinal pressure vanishes creating a loss of balance with the gravitational pull in the neutron star.
Let's review now the physical basis for the anisotropic structure of the EOS in a magnetic field. The origin of the anisotropy in the pressures is connected with the breaking of the rotational SO (2) symmetry by the uniform magnetic field. In a covariant formulation [13] , the external uniform magnetic field has an associated normalized electromagnetic strength tersor F µρ = F µρ /B, which can split the Minkowski metric into two structures η
Hence, under these conditions, the quantum-statistical average of the energy-momentum tensor of the magnetized many-particle system can be divided into the following three covariant structures
where, N is the particle number density, S the entropy, M the system magnetization, V the system volume, β = 1/T the inverse absolute temperature, and u µ the medium four-velocity, which in the rest system takes the value u µ = (1, − → 0 ). In vacuum, only the first term on the rhs of (21) is present. Once statistics (temperature and/or density) are in place, the Lorentz symmetry is broken and the second term on the rhs of (21) acknowledges it through the presence of the four-velocity vector, u µ ; finally, the last term on the rhs of (21) gives rise to the breaking of the rotational symmetry through the new tensor η µν ⊥ , which takes place in the presence of a magnetic field. Thus, the presence of a uniform magnetic field generates an anisotropy in the energy-momentum tensor, such that the pressure parallel to the direction of the magnetic field (P ) differs from the pressure perpendicular to the field direction (P ⊥ ) [13] - [14] . For a magnetic field along the thirdspatial direction, the energy density ε and pressures, P and P ⊥ , are given by
Here τ ρλ is the quantum-statistical average of the energy momentum tensor given by
where, H is the system Hamiltonian and
with τ ρλ M and τ ρλ N being the contributions to the energy momentum tensor arising from the pure magnetic field (Maxwell contribution) and from the many-particle neutron system respectively, and Z being the partition function of the grand canonical ensemble, which is given by
The energy density and pressures in (22) can be expressed in terms of the thermodynamic potential Ω N [13] . Considering the T → 0 limit, (22) becomes 
where the quadratic terms in B arise from the Maxwell contribution to the energy momentum tensor. The system magnetization in (27) is given by
which results in
The magnetization versus the magnetic field for different values of the baryon density is plotted in Fig. 1 . Notice there, that the magnetization monotonically increases with the magnetic field as it corresponds to a paramagnetic medium formed by neutral particles that do not exhibit the de Haas-van Alphen oscillations associated with Landau quantization [20] . This is an expected result since the field dependence on M originates in the neutron magnetic moment interaction with the magnetic field, which is the typical dominant interaction in paramagnetism. Moreover, fixing the magnetic field, we can observe in these plots that the magnetization increases with µ. This is a consequence of the fact that neutrons and antineutrons have magnetic moments of different signs. Thus, having a larger positive baryonic chemical potential means there are more neutrons than antineutrons and then the net magnetic moment will be larger, hence producing a more noticeable magnetization.
In the left panel of Fig. 2 , the plots of the parallel and perpendicular pressures as functions of B for a chemical potential µ = 2.25GeV are obtained from equations (27) , but without their Maxwell contributions. The chemical potential value µ = 2.25 GeV is needed to produce positive pressures at small fields. The contribution of the QFT thermodynamic potential depletes the pressures making necessary a higher Fermi pressure to produce a net positive pressure that can compensate the gravitational pull. The perpendicular pressure decreases monotonically and has a root at B (0)
18 G, which is lower than the bound field B max (µ = 2.25 GeV) ≈ 5.0 × 10 19 G obtained from Eq. (20) . In the right panel, the same plots are given but now with the inclusion of the Maxwell contributions from Eq. (27) . In this case, while the perpendicular pressure increases with the magnetic field, the parallel pressure decays monotonically due to the sign of its Maxwell term and has a root at B (0) (µ = 2.25GeV)≈ 4.2 × 10 17 G, which is two orders smaller than B max (µ = 2.25
GeV).
We can see from comparing the results of the left and right panels of Fig. 2 that for the magneticfield strengths under consideration, the Maxwell contributions to the pressures are dominant, since they can flip the pressures' behaviors with the magnetic field. Thus, at the field values where the splitting between the parallel and perpendicular pressures become significant, the pure magnetic pressures, coming from the Maxwell contributions, determine the hydrostatic equilibrium that should balance the gravitational inward pull in neutron stars.
In Fig. 3 the EOS's for the parallel (left panel) and perpendicular (right panel) pressures without their Maxwell contributions are plotted for three different values of the magnetic field. The field value of 2.8 × 10
18 G was considered for its proximity to B max (µ = 2.25GeV). As can be seen from both figures, the EOS's are not shifted significantly when the magnetic field strength increases from 0.0 G to 1.0 × 10 17 G, however there is a significant increase when the magnetic field approaches B max (µ = 2.25GeV).
In Fig. 4 the EOS's for the parallel (left panel) and perpendicular (right panel) pressures are plotted with their Maxwell contributions included. Here, the high field value of B = 4.0 × 10 17 G is not chosen for its proximity to B max (2.25GeV), but rather for its proximity to B (0) (2.25GeV).
Since, inside neutron stars we expect the matter pressure to be positive. This suggests that physical pressures occur for B ≤ B (0) in systems where the Maxwell contribution is taken into consideration.
Thus the magnetic-field-strength values that could produce a significant shift in the EOS are not physically realizable.
In section VI, we will reconsider the problem of the maximum inner field that is tolerable to balance the gravitational pressure, by taking into account the anisotropy in the neutron degeneracy pressure due to the presence of the magnetic field, as well as the significant contribution of Ω QF T in the matter pressure.
We should notice from Figs. 3 and 4 that the magnetic field makes a double effect on the system EOS. While for the perpendicular pressure component, the magnetic field helps to produce a stiffer EOS, for the parallel component the opposed effect takes place. This is why the anisotropy generated by the magnetic field does not give rise to a unique effect in the slope of the EOS. Hence, to determine how the magnetic field will affect the star mass-radius relationship, the TOV equations need to be modified using a metric in agreement with the pressure anisotropy, which of course cannot be the spherical one considered in the original derivation of those equations [22] .
Finally, we want to call attention to the fact that the Ω QF T term makes a significant contribution to the system EOS, as can be seen in Fig. 5 . There, it can be noticed that the inclusion of Ω QF T significantly softens the EOS.
IV. MAGNETIC SUSCEPTIBILITY
The magnetic susceptibility, χ M , is defined as the coefficient of the linear expansion of the magnetization in powers of the field, Knowing the system magnetic susceptibility we can know how strong the magnetization induced by a weak field can be (notice that in this approximation χ M is constant, but for a sufficiently high magnetic field, χ M can also depend on the field).
From (28)- (30), we have that at zero temperature the magnetic susceptibility of the neutron system is given by
If we take the cutoff Λ to be approximately equal to the chemical potential, then this further simplifies to
In Fig. 6 we can see how the susceptibility increases with the baryon chemical potential. This is an expected result since the magnetization is also increasing with µ as we already showed. From a physical point of view, this can be understood from the fact that at zero temperature the system only has particles contributing to the total magnetization through their magnetic moments. Increasing the chemical potential, µ, the radius of the Fermi sphere increases, which implies an increase in the number of particles participating. Thus, the system's total magnetic moment, given as the sum of the individual magnetic moments of the neutrons increases.
To find how the temperature affects the magnetic susceptibility we have to calculate first the temperature dependent magnetization from (8) as
whose linear in magnetic-field contribution is given by 
Where Fig. 7 , in order to distinguish the temperature effect in the magnetic susceptibility, we plotted χ β = χ − χ QF T , versus temperature. Here, χ is the entire system susceptibility and χ QF T is the one obtained from M QF T = −∂Ω QF T /∂B. We notice that the magnetic susceptibility increases with the temperature in the range of temperatures of interest for proto-NS. The physical explanation for this peculiar behavior can be found by taking into account that the temperature acts in this system in two different directions: At relatively low temperatures the particles remain mostly confined inside the Fermi sphere and the net thermal effect is to decrease the magnetization by disorienting the particles' magnetic moment. This is a common behavior that is found in many systems at relatively low temperatures. However, once the temperature is high enough at a fixed µ to significantly increase the number of particles that can contribute to the magnetization, it produces an opposite effect that surpasses the negative spins' disorientation.
V. MAGNETIC-FIELD DEPENDENT SPECIFIC HEAT
The role of thermal effects in the presence of a magnetic field is of major importance for understanding the transport properties of NS from which the thermal evolution of these compact objects can be determined. With the recent possibility of studying binary NS mergers through the entire electromagnetic spectrum [23] and/or by gravitational waves [24] , a new window has been opened to search for the inner properties of post-merger objects, which could help discriminate between the different EOS candidates. In this direction, to have an understanding of NS thermal evolution could be crucial [25] .
In this sense, the specific heat C V of the NS medium becomes a central quantity [26] . As known, the specific heat of NS is dominated by neutrons, which are the particles in this medium with the largest phase space of low-energy excitations. In the cooling process of a star, the specific heat is proportional to the time needed to reach thermal equilibrium. This is easily seen from the energy balance equation in the Newtonian formulation
where E th is the thermal energy content of the star and T the internal temperature. Thus, to know how much an applied magnetic field can affect the C V of neutrons it is important to determine the star's capacity to conduct away a significant amount of extra heat. The specific heat can be determined from the thermodynamic potential through the relationship
From (6)- (8), we have
When the temperature is too much smaller than the baryonic chemical potential, µ T is large and hence the contribution coming from the (E +,σ + µ) term is attenuated by the steep decay of the hyperbolic secant function. Thus, we have that
We can now split the integration region into a region R 1 for E +,σ ≤ µ and a region R 2 for E +,σ >µ. Furthermore, since sech[x] is even and decays quickly for values of x away from x = 0, we take the integral (38) to be approximately double the integral over R 1 . The boundary of R 1 is given by
On this region if µ = 2.25GeV , then p 1 , p 2 , p 3 < µ.
and making the transformation to cylindrical coordinates:p 1 =p ⊥ cos φ,p 2 =p ⊥ sin φ, andp 3 =p 3 , the integral over R 1 becomes
WhereẼ +,σ = E +,σ (p ⊥ ,p 3 ,B,M N ) and
On R 1 we can Taylor expand the integrand inp ⊥ andp 3 . Expanding to third order in the momenta and then doubling to take into account the contribution from R 2 , we have
From Eq. (37) we can see that C V vanishes in the low temperature limit and so we expect C V to decrease as T becomes smaller. In Fig. 8 , the low-temperature (T < µ) approximation of C V increases monotonically with temperature from T = 60 MeV to T = 100 MeV, but appears to vanish for smaller temperatures. At T = 10 MeV, for example, (42) gives C V ≈ 7.6 × 10 −52 GeV 3 , which suggests that C V may be near zero for old stars. We can also note that up to magnetic fields of 10 18 G, the magnetic-field effect on C V is negligibly small.
VI. ANISOTROPIC HYDRODYNAMICAL EQUILIBRIUM AND ESTIMATION OF THE NEUTRON STAR MAXIMUM INNER MAGNETIC FIELD
While the surface magnetic fields of NS is directly derived from observations, the inner magnetic field can be only inferred from theoretical analysis. The estimated value that is commonly considered is obtained within a Newtonian approach from the equipartition between the gravitational and magnetic energies of a spherical star with homogenous field and mass distributions [12] 
From Eq. (43) it was found that the inner field, H 0 , is given by
Using the solar magnetic field value B = 2 × 10 8 G, and taking into account that a typical neutron star has M 1.4M and R (0.14 × 10 −4 )R , it is found that B 0 ∼ 10 18 G. Nevertheless, this value can be challenged by the fact that a sufficiently high magnetic field can provoke a prompt decay of the matter pressure along the field direction making it impossible to balance the gravitational pull. Thus, in this section we want to consider the anisotropic hydrodynamical equilibrium conditions, which takes into account the parallel pressure decay, to estimate the maximum value that will be allowed for the inner magnetic field under these conditions. We will keep the Newtonian framework followed in [12] , as a way to get an insight into this problem. Although in a more realistic analysis it should be taken into account that NS are so compact that a General Relativistic approach will be necessary. Needless to say, that such a treatment will have a high degree of difficulty, since it should consider a metric which is not spherical but in agreement with the cylindrical symmetry imposed by the uniform magnetic field.
Taking into account that the star should be deformed by the anisotropic field effect, we consider that the star shape is ellipsoidal with a smaller radial distance in the direction parallel to the field, which is the one with the lowest pressure. The surface magnetic field strength will be taken as 10 14 G, which is of the order of those found in magnetars. Since the magnetic field is taken to be in theẑ direction the system should be symmetric about the z axis and the equation for the surface of the star in cylindrical coordinates is given by
with L the maximum distance in the z direction and R = r max the maximum distance in the perpendicular direction to the z axis. For stable stars the matter pressure at any point in the interior of the star is balanced by the gravitational pressure along with any other pressure arising from other sources. In terms of components parallel and perpendicular to the z axis the pressure balance can be expressed as
where P and P ⊥ , are the parallel and perpendicular matter pressures respectively; while P g and P g ⊥ are the corresponding gravitational pressures. The P other pressures, as will be introduced in a moment, are due to boundary effects produced by the stellar crust. The parallel gravitational pressure at a height z along the z axis and the perpendicular gravitational pressure at a distance r along the radial direction with z = 0 and azimuthal angle φ = 0 (i.e. along the direction of r max ) are approximated as the weight of the column of neutron matter above points (0, 0, z) and (r, 0, 0) respectively, which are given by
whereˆ z andˆ r are unit vectors. Using g(r , φ , z ) = −∇Φ(r , φ , z ) this becomes
The gravitational potential is given as a function of the star's mass density ρ( r ) as
In cylindrical coordinates it can be written as follows
Since the gravitational pressure arising from neutron matter vanishes at the surface, while the matter pressure, including that coming from the pure magnetic field, does not, it is natural to find the extra balance in the additional pressures P other /⊥ , which we posit is produced by the crust. The pressure arising from the crust along the z and r axes can then be thought of as adding to the gravitational pressures along those directions. We should take into account that the solid crust of a NS contains only about one percent of star's total mass, but it will play a basic role here to make possible the hydrodynamic equilibrium at the surface in the presence of a magnetic field.
For a star with surface field strength and chemical potential of B = 10 14 G and µ = 2.25 GeV respectively, the surface crust pressures are found from
The solution of the anisotropic hydrodynamical equilibrium equations (46) can give µ and B at the point (r = 0, z = 0), once the star geometry (R, L) is fixed. Then B and µ at the star's center can be determined from
From this system of equations B(0, 0, 0) and µ(0, 0, 0) can be found numerically. For a star with a uniform mass density, M = 1.4M and dimensions R = 12 km, L = 10 km we find that B(0, 0, 0) ≈ 9.7 × 10 16 G and µ(0, 0, 0) ≈ 2.252 GeV. Hence, we note that in this approach the maximum value of the inner field is two order smaller than that found by using the scalar virial theorem in [12] . That is, the effect of the anisotropy in the hydrodynamical equilibrium equations with the consequent decrease in the parallel pressure effect, constrain the maximum value of the field to a lower value.
Nevertheless, we should notice that the found maximum value was obtained for a NS with particular values of R and L. As follows, we want to relax this condition and introduce a variable eccentricity defined as e = 1 − L 2 /R 2 , and see if for other moderate values of e the maximum inner value of B can be larger, in order to reach the 10 18 G virial-value. In Fig. 9 the inner magnetic field B(0, 0, 0) is plotted versus the eccentricity of an ellipsoidal star with mass M = 1.4M , surface field strength B = 10 14 G, and volume equivalent to a spherical star of radius R = 10 km. The corresponding central magnetic field strength and chemical potential are presented respectively in the left and right panels. As can be inferred from both panels the central magnetic field strength increases with eccentricity while maintaining a chemical potential at approximately µ = 2.25 GeV. Central field strengths that are close to the parallel pressure (with Maxwell contribution included) zero value (B ≈ 4.2 × 10 17 G) at µ = 2.25 GeV are only reached for large, possibly nonphysical eccentricities. This, along with the analysis done in Section 3, suggests that magnetic fields that are large enough to significantly affect the stiffening of the EOS are not attainable in a neutron star.
VII. CONCLUDING REMARKS
In this paper we studied how a constant and uniform magnetic field can affect the thermodynamics of a neutron system, characterized by a baryonic chemical potential µ, and a finite temperature T . Our study is mainly motivated by the possibility of having extremely strong magnetic fields in a class of neutron stars known as magnetars. To know how a strong magnetic field can alter the physics of such a system is fundamental for determining several important properties of these compact objects, such as their mass-radius relationship, transport properties in their first lifecycle after their formation as a product of a supernova collapse or of a neutron star merger, etc.
The first thing to be observed is that in order to have a well defined Fermi sphere for the neutron many-particle system the condition µ
2 should be satisfied (see Eq. (18)). Taking into account that M N = 939.56 MeV, the previous constraint implies that µ 1 GeV. On the other hand, when the magnetized vacuum contribution to the pressure, given by −Ω QF T , is included, we have found that a softening in the system EOS takes place and that to produce a positive pressure that can sustain the gravitational pull of a neutron star with a mass M N S = 1.4M , we need an even larger baryonic chemical potential of order µ 2.25 GeV to produce the needed Fermi pressure to compensate for the softening effect. In this scenario, the possibility of an interior composition based on a nucleon phase, formed mainly by neutrons, is jeopardized. The reason is that at densities of order 2 − 3ρ s (which corresponds to chemical potentials µ ∼ 1.2 GeV), hyperons are stable against the possible decay into nucleons through weak interactions [3] . Thus, at the baryon chemical potential required to form the needed Fermi sphere with a corresponding positive pressure at moderate magnetic fields, the conversion of nucleons into hyperons becomes energetically favorable. On the other hand, as it is known, the presence of hyperons releases the Fermi pressure exerted by the nucleons and makes the EOS soft enough to lead to a significant reduction of the star mass [27] . Hence, as a result of this investigation we found that a magnetic field is negatively affecting the possibility to reach the 2M with a nucleon inner phase.
Another outcome of this investigation is that due to the pressure anisotropy in the presence of a magnetic field, the hydrodynamical equilibrium between the matter and gravitational pressures reduces the inner maximum value that the magnetic field can reach in a compact star as compared with the value that was obtained by using the scalar virial theorem for nuclear matter in Ref. [12] . Now the maximum field for a 1.4M , R = 12 km star is two orders smaller than the 10 18 G reported in Ref. [12] . At the new value of order 10 16 G, even if we don't take into consideration the −Ω QF T pressure, as has been the case in all previous works, then the magnetic-field effect on the NS matter EOS is negligible, as it was the case for the B-AMM effects in charged fermions [20] . But, once the −Ω QF T pressure is taken into account, we have shown that the effect of the magnetic field is to soften the EOS. These results contradict the belief accepted at present that sufficiently strong inner magnetic fields can produce significant stiffening of the EOS, which would consequently increase the maximum value for a NS mass [15] .
Finally, we study some thermal effects of this magnetized system. We found that in the high temperature region, (30 -100) MeV, the system magnetic susceptibility increases with the temperature. This behavior is physically explained by taking into account the leading component between two competing thermal effects: the thermal disorientation of the magnetic-moments' alignments that tends to decrease the magnetization and the thermal creation at a fixed µ of more particles that can contribute to the system magnetization at a fixed chemical potential. The other thermodynamic quantity we studied was the specific heat of the magnetized neutron system. We found that for the temperature range of interest for proto-NS the magnetic-field effect on C V is negligibly small, and for longstanding stars, C V becomes negligibly small.
We should mention that there exists an alternative approach to formulate the magneticmoment/magnetic-field interaction for composed particles in a magnetic field. It is based on a Klein-Gordon Lagrangian with full Pauli dipole moment term [28] . The two formulations disagree in their contributions to the Lambshift and with respect to the fine structure splitting. It will be interesting to investigate if they also disagree regarding the magnetic field effects in the system thermodynamics. If a significant disagreement is found in this contest, it could help in determining which approach is better aligned with NS observations.
